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We analyze how string theory dualities may be described in M theory. T dualities arise
from scalar-vector dualities in the worldvolume of the membrane of M theory. “Electric-
magnetic” dualities arise from a duality transformation in M theory compactified on a
3-torus, which takes the membrane into a fivebrane wrapped around the 3-torus.
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1. Introduction
The conjecture of the existence of an 11 dimensional M theory has led to a better
understanding of many non-perturbative effects in string theory [1,2,3,4]. The fundamental
formulation of this theory is not yet known, but many of its properties may be derived
just from the fact that its low-energy limit is 11 dimensional supergravity. The type IIA
string theory and the heterotic E8 × E8 string theory are described by compactifying M
theory on S1 [1,2] and S1/Z2 [4], respectively. The other consistent string theories, the
type IIB and the SO(32) theories, can be reached from these by T duality transformations,
so they can only be straightforwardly described by M theory when they are compactified
on a circle [3]. All p-brane states (for p ≤ 6) of these string theories may be identified in
M theory by starting with a membrane and a fivebrane in 11 dimensions [1,2,3], and their
actions (or at least the field content of their worldvolume theories) may also be derived
from the action (field content) of the membrane and the fivebrane [5,6,7]. Classically, the
interactions of these p-branes which can be seen in weakly coupled string theory may also
be derived from simple interactions of the membranes and fivebranes in 11 dimensions [8].
Since M theory is supposed to unify all string theories, it should be possible to under-
stand the origin of all string theory dualities within M theory. The simplest string theory
dualities, the T dualities on a circle, are in some sense trivially incorporated into M theory
since they serve as the M theory “definitions” of the type IIB and SO(32) string theories.
We will discuss in section 2 exactly how the type IIB string action arises from M theory
by an appropriate worldvolume duality transformation of the membrane. Other dualities,
such as the SL(2,Z) duality of the type IIB string theory, have a simple geometrical origin
in M theory [3,9]. Most of this paper is devoted to a discussion of the third type of dual-
ities, which appear to be related to electric-magnetic duality in M theory. These include,
for instance, the various string-string dualities in 6 dimensions. So far the formulation
of this electric-magnetic duality in M theory has not been clear, since it does not seem
to exist in the low-energy 11 dimensional supergravity theory, due to the existence of the
C ∧G ∧G term in the action (where C is the 3-form field of 11 dimensional supergravity
and G = dC is its field strength).
We would like to propose that the proper setting for electric-magnetic duality in M
theory is 8 dimensions, where one can naturally define a membrane-membrane duality as
originally proposed by Townsend [10]. One argument supporting this is that all known
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string theory dualities above 8 dimensions 3 transform one string theory into another,
and, therefore, they do not necessarily correspond to any symmetry of M theory. Only
in 8 dimensions do we have symmetries (in particular, T dualities) which transform a
string theory into itself, and these must indeed be symmetries also of M theory. Another
justification for this point of view comes from looking at the U duality groups of the super-
gravity theories we get by toroidally reducing 11 dimensional supergravity [11]. Above 8
dimensions, all these groups have a natural interpretation in M theory, either as “complex
structure” deformations (for the SL(2,Z) group in 9 dimensions) or as a parity transfor-
mation (which is the same parity transformation used by Horˇava and Witten in M theory
[4]). In 8 dimensions, the U duality group is expected to be SL(3,Z)×SL(2,Z) [11]. The
first factor has an obvious geometrical interpretation in M theory, but the second does
not. As we will show, the τ → −1/τ transformation in this SL(2,Z) group takes the mem-
brane of M theory into a fivebrane wrapped around T3. Upon further compactification
and orbifolding, this transformation gives rise to all of the known “electric-magnetic” du-
alities. We conjecture that this SL(2,Z) transformation group, together with the standard
SL(n,Z) rotations (which do not generally commute with it below 8 dimensions) and Z2
parity transformations, generates all symmetries of M theory.
Our analysis is purely classical, assuming only that in the classical low-energy limit M
theory is correctly described by the supermembrane action. The actual quantum theory
may be a theory of strings for which the membrane is the target space [12], a theory of
strings for which the fivebrane is the target space [13], or something completely different
that we have not yet been able to imagine. As shown in [14], quantum corrections are def-
initely needed in order to properly define M theory. At our present level of understanding,
we can only hope that in the quantum theory the membrane and wrapped fivebrane will
also be equivalent, and the duality we describe will survive. The existence of a duality
relating membranes and fivebranes may suggest that they should be related already in the
formulation of the theory, as suggested in [13]. Quantum effects are believed to break the
classical U duality groups of supergravity to discrete subgroups [11], in a way which has
not yet been completely understood. We will not discuss this issue here.
In section 2 we discuss the scalar-vector duality in the membrane of M theory and
its relation to T duality in string theory. In section 3 we analyze a particular duality
3 Except for the SL(2,Z) duality of the type IIB string which has a geometrical origin in M
theory as mentioned above.
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transformation in type II string theory compactified on a torus, and see how it acts on the
11 dimensional fields. In section 4 we show that this transformation exchanges the action of
the membrane of M theory (compactified on T3) with the action of the fivebrane wrapped
around T3. In section 5 we show that from this 8 dimensional duality we can derive all of
the known string dualities which have a straightforward M theory interpretation.
2. T duality in M theory
The simplest “derivation” of T duality in string theory comes from looking at it
as a scalar-scalar duality in the 1+1 dimensional worldsheet (string theory T duality is
described in [15] and references within). If none of the background fields depend on one
of the spacetime dimensions, say X9, then it enters into the worldsheet lagrangian only
through its derivative ∂αX9. We can replace this derivative by a worldsheet gauge field
Vα, if we also add another term to the string action ensuring that the associated gauge
field strength is zero. This term is just Λǫαβ∂αVβ , where Λ is a Lagrange multiplier. By
integrating out the Lagrange multiplier Λ we find that Vα is a total derivative, and we
return to the original action. If, however, we integrate over Vα instead, we find a dual
formulation of the action, in which Λ becomes a dynamical scalar field. We can only
perform this integration simply if the derivatives appear in the action quadratically, so
that we should use the Polyakov form of the action and not the Nambu-Goto form. By
performing this sort of 1+1 dimensional scalar-scalar dualities we can derive any T duality
transformation.
In M theory, strings generally arise by wrapping a membrane around a compact di-
mension [5]. This suggests that T duality in M theory should be a duality transformation
in the worldvolume of the membrane. Particularly, in 2+1 dimensions there is a duality
transformation transforming a scalar field (on which the action depends only through its
derivative) into a vector field, and this goes over to the scalar-scalar duality described
above when we dimensionally reduce the membrane to the string. For instance, let us
describe the T duality of type IIA theory on a circle in M theory. We begin with M theory
on a torus, and perform a duality transformation on the circle of the type IIA theory,
exchanging ∂αX9 by Vα, adding a Lagrange multiplier term ǫ
αβγΛα∂βVγ , and integrating
out Vα. Again, we can do this in a simple way only in a formulation of the supermembrane
action in which the derivatives enter quadratically, and luckily such a formulation indeed
exists [16]. This transformation is, in fact, known to give the action of the D-2-brane
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[6,7]. Next, to go over to the string theory, we dimensionally reduce this theory along
the eleventh dimension X10, by setting one of the membrane coordinates ξ2 to be exactly
proportional to X10. The membrane gauge field Λα now becomes a gauge field on the
string worldsheet and a scalar Λ2. The gauge field has no dynamical degrees of freedom
(as in the D-string), and the scalar becomes an additional, tenth, dimension. It is easy
to check that the metric of the ten new scalars is just the T-dual of the original metric.
Starting with the supermembrane action in 11 dimensions (whose dimensional reduction
gives the type IIA string action [5]), we end up after the duality with a type IIB string
action [17]. Thus, T duality in M theory is simply scalar-vector duality in the membrane
worldvolume.
The procedure described above can easily be performed once, but becomes more com-
plicated when we try to perform it for more scalar fields, which have couplings between
them (through the metric or 3-form fields). Unlike the string action, the membrane action
is generally not quadratic in the fields ∂αX
µ. Therefore, for general background fields
(which we always assume not to depend on the compact coordinates we want to dualize),
we can only perform explicitly two duality transformations. After that, if the 3-form field
corresponding to the 3 directions we want to dualize does not vanish, the action for the
fields we want to integrate out includes higher than quadratic terms, and we do not know
how to integrate them out in a simple way. Of course, we can always leave the auxiliary
fields in and be left with a more complicated description of the dual theory. Upon di-
mensional reduction to string theory these problems disappear, since the string action is
always quadratic in the fields ∂αX
µ.
3. T duality in 8 dimensions
The “single” T duality transformation described above is not really a symmetry of
M theory, since it exchanges one type of membrane theory (which has only scalar fields)
with a different type of theory (which has also a vector field). This is not surprising, since
this is not really a symmetry in string theory as well, where it exchanges different types
of string theories. However, once we compactify two dimensions in string theory, we have
duality transformations which leave us in the same string theory, and these should be
genuine symmetries of M theory (they should certainly be symmetries at least of eleven
dimensional supergravity). In this section we will analyze the simplest transformation of
this type, which is the duality inverting the area of a torus in type IIA string theory. Since
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we know how this duality acts on the fields of the low-energy type IIA supergravity, we can
find how it acts on the fields of the 11 dimensional supergravity, because we know how the
two are related. As we will show, this duality is actually an 8 dimensional electric-magnetic
duality in M theory, exchanging the 3-form field with its dual. Then, in the next section,
we will show that in M theory the duality exchanges the membrane action expressed in
terms of the original background fields, with the action of a fivebrane wrapped around the
3-torus in the dual background fields.
We begin by finding the transformation of this duality on the fields of the low-energy
11 dimensional supergravity. Since we know how T duality acts on the low-energy fields
and on the D-branes in string theory, all we need is to translate the transformation of these
fields and p-branes to M theory. In fact, the exact action of T duality on all RR fields
has not been computed as far as we know (for 9 dimensional T duality it is given in [18]),
but we will use approximations in which the transformations of these fields are simple.
For simplicity, we will begin by taking the type IIA string theory to be compactified on
a torus with a diagonal metric, with radii r8 and r9 in the string metric (we will denote
string theory fields and radii with small letters, and M theory fields and radii with capital
letters). We will also work only to leading order in the off diagonal fields Gµi, Cµij and
Cµνi, where µ, ν = 0, · · · , 7 and i, j = 8, 9, 10 (this is the notation we will generally use in
this paper). The exact expressions are known, at least for the NS-NS fields, but they are
much more cumbersome and do not seem to involve any new issues. We will discuss here
only the transformations of the bosonic fields. The transformations of the fermionic fields
are related to these by supersymmetry.
T duality transformations on a torus act naturally on the Ka¨hler structure parameter
τ = b89 + ir8r9 (which is often denoted by ρ). The T duality group includes SL(2,Z)
transformations of this parameter, and we will be interested in the transformation taking
τ → −1/τ , which (for b89 = 0) inverts both radii of the torus. In a diagonal metric,
this transformation takes r8 to r8/|τ | and r9 to r9/|τ | (when b89 = 0 we can regard this
transformation as a T duality on r8, followed by a T duality on r9, followed by a rotation
exchanging the two coordinates). The string coupling λ transforms as λ → λ/|τ |. Next,
we should translate these results to M theory. The string coupling is related to the radius
R10 of the eleventh dimension by λ = R
3/2
10 , while the relation between the string theory
and M theory metrics sets r8 = R8
√
R10 and r9 = R9
√
R10. The tensor fields are related
by bµν = Cµν(10). Thus, in M theory τ is simply given by τ = C89(10)+iR8R9R10, with the
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same transformation law τ → −1/τ (as also noted by Sen [19]), while the 11 dimensional
radii transform as
R8 → R8|τ |2/3 R9 →
R9
|τ |2/3 R10 →
R10
|τ |2/3 . (3.1)
The fact that these transformations are symmetrical in the three compact dimensions
suggests that this particular T duality may indeed be given by a simple transformation in
M theory. The other T duality transformations are the shift in the b89 = C89(10) field, and
the SL(2,Z) transformations of the complex structure, which are both obviously expected
to be symmetries in M theory as well.
Next, let us examine how the duality acts on the 8 dimensional metric. The string
metric gµν does not change under the duality (in the leading order approximation we are
working in), but the radius of the eleventh dimension does change (by equation (3.1)).
Therefore, the 8 dimensional metric in 11 dimensional units changes by Gµν → Gµν |τ |2/3.
We will discuss the transformation of the off-diagonal metric elements below, but first
let us analyze the transformation of the 3-form field, Cµνλ. In M theory this couples to
the membrane, so in the type IIA theory on a torus it couples to a 2-brane which is not
wrapped around any cycle of the torus. After the T duality, this becomes a 4-brane which
is wrapped around both cycles of the torus, which in M theory is described by a fivebrane
wrapped around T3. In 11 dimensions the fivebrane couples to the dual C˜ of Cµνλ. Thus,
in 8 dimensions the fivebrane wrapped around T3 couples to the 8 dimensional dual C˜µνλ
of Cµνλ (we will discuss the exact definition of C˜ in the next section). Therefore, the T
duality transformation exchanges the 8 dimensional 3-form field with its electric-magnetic
dual, and in this sense this duality is a membrane-membrane duality as originally proposed
by Townsend [10]. By doing the transformation more carefully we find that in fact it is
given, to leading order, by
Cµνλ → C89(10)Cµνλ +R8R9R10C˜µνλ. (3.2)
More general SL(2,Z) transformations will mix all of the dyonic membranes found in [20].
As we will see below, other components of the 11 dimensional 3-form field do not transform
into their duals, so that this duality does not seem to be related (at least directly) to an
11 dimensional electric-magnetic (membrane-fivebrane) duality. In fact, we already saw
above that C89(10) has a simple transformation, which is not related to electric-magnetic
duality.
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Let us now check the transformation of the off-diagonal components of the 3-form
field, starting with the fields Cµνi (for i = 8, 9, 10). If i = 8, for instance, this field couples
to a 2-brane wrapped around r8. When b89 = 0, we can do a T duality transformation
on r8, which turns this into an unwrapped 1-brane, then a T duality transformation on
r9, which turns this into a 2-brane wrapped around r9, and finally a rotation exchanging
the two circles of the torus, which returns this to a 2-brane wrapped around r8. Thus,
Cµν8 is actually invariant under the duality. Cµν(10) is just the 2-form field bµν of the
string theory, which is also invariant under the duality (to leading order in the off-diagonal
background fields). Therefore, the duality leaves the fields Cµνi invariant (to leading order
in the off-diagonal fields).
The fields Cµij , on the other hand, are not invariant. Let us begin, for instance,
with Cµ8(10). In the string theory this is just bµ8, which transforms under the T duality to
(b89bµ8−g88gµ9)/|τ |2. The transformation of Cµ9(10) is analogous. The other 8 dimensional
vector field, Cµ89, is part of the RR 3-form in the type IIA string theory, which couples to a
2-brane wrapped around both r8 and r9. Under T duality this becomes a 0-brane, coupling
to the RR gauge field Aµ, which in 11 dimensional terms is proportional to Gµ(10) (with
the constant of proportionality equal to R210). In fact, Cµ89 mixes with Aµb89, and the
actual transformation is slightly more complicated. Translating all this to 11 dimensions,
we find that the transformation of these fields is given by
Cµij → 1|τ |2 (−ǫ
ijkGµkR
2
iR
2
j − C89(10)Cµij). (3.3)
Analogously, one can compute the transformation of the fields Gµi, and find that their
transformation, in terms of 11 dimensional fields, is given (to leading order in the off-
diagonal fields) by
Gµi → 1|τ |4/3 (
1
2R
2
i ǫ
ijkCµjk − C89(10)Gµi). (3.4)
Thus, the duality exchanges a membrane wrapped around two cycles of the torus T3 with
a momentum mode around the third cycle, as in [19]. Note that by performing the T
duality transformation twice, the 8 dimensional vector fields change sign, so that we get
(in 11 dimensional terms) a parity transformation on the 3 compact dimensions, together
with a change in the sign of the 3-form field C. This can also be seen by the fact that Cµνλ
transforms essentially by electric-magnetic duality, which squares to (−1) in 8 dimensions.
All other fields are invariant under the double transformation. This Z2 is, of course,
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expected to be a symmetry of M theory, like any change of sign in an odd number of
dimensions and in the C field.
This completes the transformations of all fields in the eleven dimensional low-energy
supergravity theory, so let us summarize our results. We have performed a T duality
transformation in the type IIA theory on a torus, involving the inversion of the Ka¨hler
structure of the torus. Then, we translated this transformation to M theory. Obviously
this duality should be a symmetry of M theory as well. Generalizing our previous results
to a general metric on the torus, we find that the transformation of all bosonic fields of
the 11 dimensional supergravity is given, to leading order in the off-diagonal fields, by :
Gij → Gij|τ |4/3
C89(10) → −
C89(10)
|τ |2
Cµνλ → C89(10)Cµνλ +
√
det(Gij)C˜µνλ
Cµνi → Cµνi
Cµij → 1|τ |2 (−ǫ
i′j′k′Gii′Gjj′Gµk′ − C89(10)Cµij)
Gµν → Gµν |τ |2/3
Gµi → 1|τ |4/3 (
1
2 ǫ
i′j′k′Gii′Cµj′k′ − C89(10)Gµi).
(3.5)
4. Membrane-membrane duality in 8 dimensions
We would now like to identify the symmetry described in the previous section in M
theory. For a membrane wrapped around any cycle of the torus, it is obviously just a T
duality. This is clear for a membrane wrapped around x10 from our definition of the trans-
formation, but since our results are symmetric it is true for any wrapped membrane. Thus,
we should only identify how an unwrapped membrane transforms. The transformation of
the 3-form field suggests that it should transform into a fivebrane wrapped around T3.
In this section we will examine how the transformations (3.5) indeed relate the action of
the membrane with the action of the completely wrapped fivebrane. Fivebranes which are
wrapped around less than three cycles of the 3-torus transform into themselves according
to (3.5), and we will not discuss them further.
First, let us write down the action of the membrane. We will use the Howe-Tucker form
of the supermembrane action [16], which has an auxiliary metric γαβ on the worldvolume
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of the membrane, and write only the purely bosonic terms throughout this section (the
addition of the fermionic terms is not expected to change our results, since they should
be determined by supersymmetry). Separating the compact and non-compact directions,
this action is
SM =
∫
d3ξ{−12
√−γ [γαβ(∂αXµ∂βXνGµν + 2∂αXµ∂βX iGµi + ∂αX i∂βXjGij)− 1]
−1
6
ǫαβγ(Cµνρ∂αX
µ∂βX
ν∂γX
ρ + 3Cµνi∂αX
µ∂βX
ν∂γX
i
+ 3Cµij∂αX
µ∂βX
i∂γX
j + Cijk∂αX
i∂βX
j∂γX
k)}.
(4.1)
Note that throughout this paper we use conventions in which epsilon symbols with upper
indices are equal to ±1.
We would like to compare this result with the action for the M theory fivebrane
wrapped around the 3-torus. However, we do not know how to write an action for this
fivebrane, due to the existence of a self-dual 2-form field Bab in its worldvolume
4. Townsend
has suggested [6] an action for the fivebrane (at least in the low-energy limit) which is gauge
invariant, and may describe correctly at least some properties of the fivebrane if the self-
duality condition is added by hand to the equations of motion. It is given, in 11 dimensions,
by
S
(0)
F = −12
∫
d6ξ
√−γ[γabGMN∂aXM∂bXN − 4
+1
2
γadγbeγcf (Fabc − CMNP ∂aXM∂bXN∂cXP )
(Fdef − CM ′N ′P ′∂dXM
′
∂eX
N ′∂fX
P ′)],
(4.2)
where Fabc is the field strength associated with the 2-form field Bab. This is gauge in-
variant if the gauge transformation CMNP → CMNP + ∂[MΛNP ] is accompanied by
a shift in the 2-form field of the fivebrane, Bab → Bab + ΛNP ∂aXN∂bXP . The self-
duality condition must also be changed from stating that Fabc is self-dual to stating that
Fabc − Cˆabc is self-dual (where Cˆ is the pullback of C to the fivebrane worldvolume,
Cˆabc = CMNP ∂aX
M∂bX
N∂cX
P ), since only this combination is gauge invariant. The
equations of motion arising from this action are consistent with the self-duality condition
after we add an additional term to the action as described below. Upon dimensionally
reducing three dimensions from the fivebrane, the self-duality conditions may be trivially
4 We thank P. K. Townsend for discussions on this issue.
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resolved (as described below). Thus, we can hope that this action, together with the cor-
rection described below, may indeed be a correct description for the wrapped fivebrane,
even though in 11 dimensions the self-duality condition has to be added to it by hand.
We expect the fivebrane action to also include another term, describing the coupling
to the dual C˜ of the 3-form field. Before discussing this we should define exactly what we
mean by C˜, since the equation of motion of the C field in 11 dimensional supergravity is
d(∗dC) = dC ∧ dC (we ignore numerical constants in this paragraph), and we cannot in
general define a field C˜ by ∗dC = dC˜. However, since d(∗dC−C ∧ dC) = 0, we can define
dC˜ = ∗dC−C∧dC, and this is the definition we will be using for C˜. This definition means
that C˜ is not invariant under gauge transformations of C. If C → C+dΛ, C˜ transforms by
C˜ → C˜+dΛ∧C. Thus, we cannot write a Lagrangian for the fivebrane with a term ∫ d6ξ ˆ˜C
(where ˆ˜C is the pullback of the 6-form field C˜ to the worldvolume of the fivebrane), as we
would like to, since this is not gauge invariant. We cannot fix this by a term proportional
to Cˆ ∧ Cˆ, since this vanishes. Instead, the only gauge invariant lagrangian which can write
seems to be S
(1)
F =
∫
d6ξ( ˆ˜C − F ∧ Cˆ), and, therefore, the complete lagrangian we will
use for the fivebrane is SF = S
(0)
F − S(1)F . Fortunately, the equations of motion derived
from this action are consistent with the self-duality condition we described above, and SF
seems to be a consistent action. The 11 dimensional supergravity theory also seems to be
consistent with this form of the fivebrane action, as discussed in [21].
Let us now discuss the field content we obtain when reducing this action to the action
of a membrane in 8 dimensions. To perform the dimensional reduction we choose three of
the fivebrane coordinates to equal the coordinates of the torus, ξ3 = X8, ξ4 = X9, ξ5 = X10,
and then we can perform the integration over these coordinates (since the background fields
do not depend on them). We can do this in a simple way only if Gµi = 0, and we will
assume this from here on in the fivebrane theory (according to (3.5), when C89(10) = 0
this is dual to assuming that in the membrane action Cµij = 0). We will be left with
a membrane action with 8 scalar fields Xµ (µ = 0, · · · , 7), and with what remains of the
self-dual 2-form. As discussed above, the self-duality condition on the 3-form field strength
is
Fabc − Cˆabc = 1
6
√−γ γaa′γbb′γcc′ǫ
a′b′c′def (Fdef − Cˆdef ). (4.3)
When none of the fields depend on the last 3 coordinates of the fivebrane, this expression
simplifies considerably. For a, b, c = 0, 1, 2 we find that (F012 − Cˆ012) ∝ (F345 − Cˆ345) =
−Cˆ345, since F345 = 0. Thus, F012 is no longer an independent dynamical field. For
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a, b, c = 0, 1, 3 (for instance), we find that (∂0B13 − ∂1B03 − Cˆ013) ∝ (∂2B54 − Cˆ254)
(assuming for the moment that the metric γ is diagonal). Hence, the scalar field B45 is
determined in terms of the vector field Bα3 (and vice versa). The analysis of the other
components of the self-duality equations is analogous, and we find that we can remain either
with three independent vector fields Bαa (where α = 0, 1, 2 is a membrane worldvolume
index and a = 3, 4, 5) in the membrane worldvolume, or with three independent scalar
fields Bab (a, b = 3, 4, 5). We will choose to remain with the scalar fields, since we will
show that these may be identified in a simple way with the scalar fields in the membrane
theory. Leaving the vector fields would lead to an action which is related to the scalar
action by a triple scalar-vector duality of the type described in section 2.
After the reduction, we can just throw away the terms in the action involving Fαβa
(from here on α, β, γ = 0, 1, 2 and a, b, c = 3, 4, 5), since the equations of motion of these
vector fields just give, when using the self-duality equation, the Bianchi identity for the
scalar fields (which is ǫαβγǫabc∂α∂βBab = 0). Thus, retaining these terms does not add
any new information. In the same way we can throw away the terms involving F012, since
they also give trivial equations of motion (when using the self-duality condition). Hence,
the only terms involving F which remain in the action are those involving Fαab. The field
content we find is, therefore, the same as the field content in the membrane action (4.1)[10].
We would now like to identify the terms in the action (4.1) with the terms in the
reduction of (4.2), according to the transformation (3.5). Let us begin with the metric
field Gµν . In both (4.1) and (4.2) this field appears canonically, but we should recall that
we have (implicitly) set the tensions of the membrane and the fivebrane to one in the
above formulas, and these determine the length scale by which the metric is measured.
In 11 dimensional units, the tensions are related by [3] T5 = (T2)
2 (up to numerical
factors which we suppress). When C89(10) = 0, the tension of the wrapped fivebrane is
T5
√
det(Gij), and we see that in units in which the membrane tension is one, it is just
the volume of the 3-torus,
√
det(Gij). Thus, the scales of the two theories are related by
a factor of (det(Gij))
1/6. Since the metric has dimensions of length squared, this gives
exactly the relation in (3.5) between the 8 dimensional metrics, as expected (recall that
generally τ = C89(10)+ i
√
det(Gij)). For a non-vanishing C89(10) field, the relation is more
complicated due to the presence of a C289(10) term in the wrapped fivebrane action. To
simplify the equations we will assume from here on that C89(10) = 0.
Next, we can easily compare the terms which are linear in the 8 dimensional
3-form fields. In the wrapped fivebrane action the C˜ term in the action becomes
11
−16 ǫαβγC˜µνρ∂αXµ∂βXν∂γXρ. Identifying this with the 3-form term in (4.2), using the
relation described above between the membrane and fivebrane metrics, we find exactly the
relation (3.5) between the background fields in the 2 actions, as desired.
The relation between the other terms in the two actions is slightly more complicated.
We claim that the actions are related by the transformation (3.5) if we identify the scalars
1
2 ǫ
abcBab (a, b, c = 3, 4, 5) in the fivebrane action with X
c+5 in the membrane action (4.1).
Note that this identification exchanges the gauge transformation of the 3-form which shifts
Bab with the isometry corresponding to a shift in X
i, as is also evident from (3.5). In order
to perform the comparison we should replace the metric γab in the internal directions by its
classical value, according to the equations of motion. In the absence of the second term in
the action (4.2), this is just γab = G(a+5)(b+5), but generally there are corrections to this,
arising from the (F − Cˆ)2 term. In the leading order approximation in which we analyzed
the transformation in section 3, it is justified to ignore these corrections, since they are of
the same order as the terms which we ignored. Plugging in this solution, and the relation
between Bab and X
i, we find that the quadratic term in the Bab fields becomes exactly the
term −12
√−γγαβ∂αX i∂βXjGij in the membrane action. The term in (4.2) linear in Bab
becomes, using (3.5), the term −√−γ∂αXµ∂βX iGµi in the membrane action, while the
term linear in Bab from the F ∧ Cˆ term becomes just −12 ǫαβγCµνi∂αXµ∂βXν∂γX i, which
we equate with the same term in (4.1) (since Cµνi is invariant under the duality). Since
we have taken Gµi = 0 in the fivebrane action and ignored all higher order terms, these
are the only terms we can compare. Presumably, when doing the exact transformation
instead of (3.5) and plugging in the exact solution for γab, the other terms will match as
well.
We conclude that, to the extent that we have checked it, the membrane action in
the original background seems to be the same as the wrapped fivebrane action in the
dual background given by (3.5). At least in the approximation we used, a simple form
of the fivebrane action, supplemented by the self-duality condition, seems to describe the
fivebrane worldvolume theory in a way consistent with the duality.
Let us end this section with a comment about the relevance of this duality to the issue
of the length scales in M theory. When C89(10) = 0, the duality transformation inverts
the 3-volume of the torus V =
√
det(Gij). In M theory there does not seem to exist a
minimal length scale, at least classically. Taking M theory on a radius much smaller than
the 11 dimensional Planck scale just leads to a weakly coupled string theory. However,
the existence of the duality transformation we described suggests that the 11 dimensional
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Planck scale may serve as a minimal 3-volume scale in M theory, since M theory on a
3-torus of volume V is equivalent to M theory on a 3-torus of volume 1/V . This is perhaps
natural in some sense if M theory is indeed a theory of membranes. Unfortunately, this
interpretation is not clear-cut, since the duality also changes the metric in the remaining 8
directions, unlike T duality in string theory. In any case, we hope that understanding this
duality symmetry may shed some light on the problem of understanding the length scales
in string theory and in M theory [22].
5. String dualities from membrane-membrane duality
In this section we will derive many of the known string dualities from the M theory
duality described in the previous two sections. Our general strategy will be to take the
original M theory, perhaps compactified along more directions, and orbifold it by some
discrete symmetries. The relation (3.5) between the variables of the original and of the
dual theories will allow us to identify these discrete symmetries in the dual theory, so that
we will know how to perform the orbifold also in the dual theory. In this way we will
obtain a duality transformation relating two, generally different, orbifolds of M theory.
First, we can easily get the T duality of the heterotic string on a torus from the duality
transformation of the previous section, by simply orbifolding by x10 ↔ −x10, together with
C ↔ −C (in the membrane worldvolume this involves a parity transformation as well).
This transformation is invariant under the duality. Thus, on both sides we get the heterotic
E8 × E8 string on T2, and the relation between them is just the usual T duality of this
theory on the torus.
Less trivial dualities arise if we add more compact dimensions and orbifold by differ-
ent symmetries. Without orbifolding, or by performing only the orbifold of the previous
paragraph, we can of course get more complicated T duality transformations for the type
II and heterotic strings. The orbifolds we discuss below are all of type 2(b) in the classifi-
cation proposed by Sen [23] of orbifolds and dualities. Therefore, we expect the duality to
commute with the orbifolding in these cases, and indeed we will always find a pair of dual
theories. Let us begin by adding another compact dimension x7, and orbifolding by the
symmetry which changes the sign of all four compact dimensions. In the original theory
we would thus get M theory on T4/Z2, which is an orbifold limit of K3. Using (3.5) (or
working directly in the worldvolume of the membrane), we find that in the dual theory this
symmetry changes the sign of x7 and of the 3-form field C, and we get the heterotic string
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theory on T3. Thus, the 8 dimensional membrane-membrane duality naturally leads to a
duality between M theory on K3 and the heterotic string theory on T3 [2].
By adding another compact dimension we can easily derive from this the duality
between type IIA theory on K3 and the heterotic string theory on T4. If we then perform
another orbifold, by the symmetry which changes the sign of x6 and C in the original
theory, and changes the sign of x6, x8, x9, x10 in the dual theory, this leads to the heterotic-
heterotic duality of the heterotic string theory on K3 [24]. One can easily check that the
transformation rules (3.5) indeed exchange the fivebrane wrapped around K3 in the original
theory with the membrane wrapped around x7 in the dual theory, as expected. Thus, these
string-string dualities may also be derived directly from the membrane-membrane duality
of M theory (at least in the orbifold limit of K3). We do not yet know how to define (from
first principles) the twisted sectors in orbifolds of M theory. However, once we know how to
do this, the description given above of the duality transformation may allow us to find the
exact relation between the twisted fields before and after the duality transformation. We
do not know how to generalize these dualities to generic K3 manifolds in our framework,
but presumably this should also be possible.
Other dualities in string theory involve the type IIB string theory on various back-
grounds (including “F theory” backgrounds [25]) which do not include a circle. The de-
scription of these in M theory seems to be singular, because we must take the limit in
which the area of a torus goes to zero in order to get the type IIB theory in ten dimensions
[3]. Since there is no clear evidence for a minimal length scale in M theory, it is not clear
that this limit is indeed singular. In any case, we can try to derive these dualities upon
compactifying on an additional S1, when the type IIB theory is identical to the type IIA
theory. For instance, let us derive the duality between M theory on (S1)5/Z2 and type IIB
theory on K3 [26,21] when compactified on an additional circle S1. We add three more
compact dimensions, and orbifold the original theory by the symmetry which changes the
sign of x5, x6, x7, x8, x9 and C, leading to M theory on (S
1)5/Z2 × S1. In the dual theory,
we find that this symmetry corresponds to changing the sign of x5, x6, x7 and x10, leading
to the M theory on T4/Z2×T2, which is an orbifold limit of the type II theory on K3×S1.
Thus, this duality also arises from the membrane-membrane duality in 8 dimensions, but in
order to get it without the additional S1 we must take the limit R10 →∞ (in the original
theory). Note that if we do not add an additional S1, and divide the original theory by
the symmetry changing the sign of x6, x7, x8, x9, x10 and C, we find the same symmetry
in the dual theory, so this is just a T duality of M theory on (S1)5/Z2. Translating this
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T duality to the type IIB theory on T4/Z2, we find that it is just the exchange of two of
the circles in T4/Z2.
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